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Abstract

A new 2nd order accurate numerical method on non-body-fitting grids is proposed for solving the variable coefficient
elliptic equation in disjoint subdomains Q* separated by interfaces I'. The variable coefficients, the source term, and
hence the solution itself and its derivatives may be discontinuous across the interfaces. Jump conditions in solution
and its co-normal derivative at interface are prescribed. Instead of smooth, the interfaces are only required to be Lips-
chitz continuous as submanifold. A weak formulation is developed, the existence, uniqueness and regularity of the solu-
tions are studied. The numerical method is derived by discretizing the weak formulation. The method is different from
traditional finite element methods. Extensive numerical experiments are presented and show that the method is 2nd
order accurate in solution and Ist order accurate in its gradient in L° norm if the interface is C> and solutions are
C? on the closures of the subdomains. The method can handle the problems when the solutions and/or the interfaces
are weaker than C%. For example, u € HX(Q%), I is Lipschitz continuous and their singularities coincide, see Example 18
in Section 4. The accuracies of the method under various circumstances are listed in Table 19.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The “immersed boundary” method [13,14] uses a numerical approximation of d-function which smears
out the solution on a thin finite band around the interface I'. In [15], the “immersed boundary” method was
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combined with the level set method resulting in a first order numerical method that is simple to implement
even in multiple spatial dimensions. However, for both methods, the numerical smearing at the interface
forces continuity in solution at the interface regardless of the interface condition [u] = a, where a might
not be zero.

In [10,11], a fast method for solving Laplace’s equations on irregular regions with smooth boundaries
was introduced. By using Fredholm integral equation of the second kind, solutions can be extended to a
rectangular region. Since solutions are harmonic, Fredholm integral equations can be used again to capture
the jump conditions in solution and its normal derivative, [u] # 0 and [u,] = 0. Then these jump conditions
are used to evaluate discrete Laplacian, and then fast Poisson solver on a regular region can be applied with
2nd or higher order accuracy.

In [5], the “immersed interface’” method was presented. The method achieves a second order accuracy by
incorporating the interface conditions into the finite difference stencil in a way that preserves the interface
conditions in both solution and its co-normal derivative, [u] # 0 and [fu,] # 0. The corresponding linear
system is sparse but not symmetric or positive definite. A fast iterative method [6] conjuncted with “im-
mersed interface” method has been developed for constant coefficient problems with interface conditions,
and achieves 2nd order accuracy.

In [1], a finite element method was developed for solving such a problem with the interface conditions
[4] = 0 and [fu,] # 0. Interfaces are aligned with cell boundaries. The 2nd order accuracy was obtained
in an energy norm. Nearly the 2nd order of accuracy was obtained in L? norm.

In [7], another finite element method was developed for solving the problem with the interface conditions
[u] = 0 and [fu,] # 0. Non-body-fitting Cartesian grids are used, and then associated uniform triangulations
are added on. Interfaces are not necessarily aligned with cell boundaries. Numerical evidence shows that its
conforming version achieves 2nd order accuracy in L* norm, and higher than first order for its non-con-
forming version.

The boundary condition capturing method [8] uses the Ghost fluid method (GFM) [2] to capture the
boundary conditions. The GFM is robust and simple to implement, so is the resulting boundary condition
capturing method. The boundary condition capturing method is implemented using a standard finite dif-
ference discretization on a non-body-fitting Cartesian grid, making it simple to apply in multi-dimensions,
including three spatial dimensions. Furthermore, the coefficient matrix of the associated linear system is the
standard symmetric positive definite matrix for the variable coefficient Poisson equation in the absence of
interfaces allowing for straightforward application of standard ‘““black box” solvers. The boundary condi-
tion capturing method has been speeded up by a multi-grid method [16]. The convergence proof of the
method is provided in [9]. In [9], a weak formulation of the problem was studied. The boundary condition
capturing method can be obtained from discretizing the weak formulation. The convergence proof follows
naturally. The boundary condition capturing method can solve the elliptic equation with interface condi-
tions [u] # 0 and [fu,] # 0 in multi-dimensions (including 2 dimensions and 3 dimensions), however the
boundary condition capturing method is only first order accurate. For a similar problem, a Poisson equa-
tion with Dirichlet interface conditions (instead of jump conditions) on the irregular interface, the bound-
ary condition capturing method is extended [3] by Gibou and Fedkiw, etc. (by using GFM [2]) to 2nd order
accuracy in L> and L? norms. The resulting linear system of the 2nd order accurate method is symmetric,
which can readily be inverted with a number of fast methods.

In this paper, inspired by the boundary condition capturing method [8] and the weak formulation de-
rived in [9]. The weak formulation is extended to include the case that the boundary and the subdomains’
boundaries are only required to be Lipschitz continuous as submanifold. A numerical method is proposed
by discretizing the weak formulation on a non-body-fitting grid. The method is capable of solving the ellip-
tic equation with variable coefficients and non-homogencous interface conditions [u] ## 0 and [fu,] # 0, and
is capable of dealing with the case that the boundary and the subdomains’ boundaries are only Lipschitz
continuous. Extensive numerical experiments are presented and show that the method is 2nd order accurate



S. Hou, X.-D. Liu | Journal of Computational Physics 202 (2005) 411-445 413

in solution and 1st order accurate in its gradients in L> norm if the interface is C* and solutions are C* on
the closures of the subdomains. The method can handle the problems when the solutions and/or the inter-
faces are weaker than C*. For example, u € HX(Q"), I' is Lipschitz continuous and their singularities coin-
cide, see Example 18 in Section 4. The accuracies of the method under various circumstances are listed in
Table 19.

2. Equations and weak formulation

Consider an open bounded domain Q € R?. Let I be an interface of co-dimension  — 1, which divides
Q into disjoint open subdomains, Q~ and Q", hence 2 = @~ U Q" U T'. Assume that the boundary 0Q and
the boundary of each subdomain 0Q* are Lipschitz continuous as submanifold. Since dQ* are Lipschitz
continuous, so is I'. A unit normal vector of I' can be defined a.e. on I" and points from Q~ to Q7 see Sec-
tion 1.5 in [4].

We seek solutions of the variable coefficient elliptic equation away from the interface I" given by

V- (fx)Vulx)) = f(x), x€Q\T, (2.1a)

in which x = (xy, ..., x;) denotes the spatial variables and V is the gradient operator. The coefficient f(x) is
assumed to be a symmetric, uniformly elliptic and bounded d X d matrix, the components of which are con-
tinuously differentiable on the closure of each disjoint subdomain, 2~ and Q*, but they may be discontin-
uous across the interface I'. The uniformly ellipticity and boundedness of f(x) is in the sense that there are
two positive constants 0 <m < M < +oo such that ml < f(x) < MI for Vx € Q, where I stands for the
d x d identity matrix. The right-hand side f(x) is assumed to lie in L*(Q).

Given functions a and b along the interface I', we prescribe the jump conditions

W] (x) = u'(x) —u”(x) = alx),
[(Bu),] - (x) = (Bu), (x) = (Bu), (x) = b(x),

with the notation (fu),, = n- fVu. The “x” superscripts refer to limits taken from within the subdomains
Q"
Finally, we prescribe boundary conditions

u(x) =g(x), xe€oQ (2.1¢)

for a given function g on the boundary 0.

In [9], a weak formulation of the problem has been obtained in the case that the boundary 02 and the
interface I are smooth, and the interface I does not intersect with the boundary 0Q. Here we extend the
weak formulation a bit to include the case that the boundary 0Q and subdomains’ boundaries 0Q* are only
Lipschitz continuous instead of smooth, and the interface I" is allowed to intersect with the boundary 0Q.

We are going to use the usual Sobolev spaces Hy(Q) and H 1(©Q). We use the usual inner product for
H'(Q). For H(Q), instead of the usual inner product we choose one which is better suited to our problem:

Blu,v] = /m pVu-Vo+ /Qi fVu - Vo. (2.2)

xel, (2.1b)

This induces a norm on H () which is equivalent to the usual one, thanks to the Poincaré inequality
and the uniformly ellipticity and boundedness of f(x) on Q.

Let be any closed Lipschitz continuous hyper-surface of dimension  — 1 in Q, where the overline de-
notes the closure of a set. Let R denote the restriction operator from H'(2) to L*(). This restriction operator
R is well defined and is a bounded map, because is closed Lipschitz continuous (see Theorem 2.4.2 in [12])
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and C'(Q) is dense in H'(Q). Throughout this section, we shall always assume that our interface data a and
b are the restrictions of functions 4 and b € H'(Q) on 02 and then limited on I', respectively. That is on I,

a=Rop-(a) and b= Ryo (b). (2.3)
We shall always assume that our boundary data g can be obtained by the following way: Assume that
there exist a function ¢ € H'(Q) and g is given as, on 0Q,
Royg(¢—a), ondQNoQ,
- {Rm(a), on 0Q\ 92

This (2.4) could be thought as a compatibility condition between a and g. To simplify the notation, from
now on we will drop the tildes.
We will construct a unique solution of the problem in the class

H(a,e) ={u:u—c+ay(Q) € H)(Q)}. (2.5)
If u € H(a,c), then [u]r = a and u|oq = g. Note that H}(Q) can be identified with H(0,0).

Definition 2.1. A function u € H(a,c) is a weak solution of (2.1a)~(2.1c), if v=u—c+ay(Q7) € H}(Q)
satisfies

_B[Uv ‘/j] = F(W) (263)
for all € Hy(Q), where

(2.4)

B[U,lﬁ]Z/QvﬁVl%Vl//-‘r/QiﬁVl%Vl// and
F(tp):/Qflﬁ—l—/QBVc-th—/mBVa-le—i—/de/. (2.6b)

Or equivalently

Definition 2.2. A function u € H(a,c) is a weak solution of (2.1a)—(2.1c), if u satisfies, for all iy € H(l)(Q),

—</Q+ﬁvu-w+/gﬁw-w>=/9flp+/rb¢. (2.7)

A classical solution of (2.1a)—(2.1c¢), u|p+ € CZ(E), is necessarily a weak solution. Because all the sub-
domains’ boundaries 0Q* are Lipschitz continuous, the integration by parts are legal in each subdomain,
Q*, see Theorem 1.5.3.1 in [4].

Theorem 2.1. If f € L2(Q), and a, b, and c € H 1(Q), then there exists a unique weak solution of (2.6a) and
(2.6b) in H(a,c).

Proof. The left-hand side (2.6b) of (2.6a) is a symmetric, bounded and elliptic bilinear form on H (l,(Q) The
boundedness and the ellipticity are ensured by the fact that f(x) is a symmetric, uniformly elliptic and
bounded matrix in Q. It is straightforward to see that the first three terms of F(y) in (2.6b) are bounded
linear functionals on H (). Since = 0 on 3L, the last term of F() in (2.6b) [, by = [,, by. Because
of the boundedness of the restriction map Rao-, the last term of F(if) in (2.6b), |;-by, is a bounded linear
functional on H(l)(Q), so is the F(iy) (2.6b) of (2.6a). By the Lax—Milgram Lemma, there exists a unique
v € H)(Q) (so a unique weak solution u =v+c—ay(Q") € H(a,c)) such that —Blv,y] = F()), for all
W € Hy(9Q).
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Remark 1. a, band care assume to be H'(Q2). The solution u is independent of the values of @ and b away from
I', and the values of ¢ away from 0Q. Assume there are two sets of data {ay,by,¢;} and {a,,b,,c,}, and they
match in the following way: a; = a, and by = b, on I', and —c; + a;3(Q7) = —ca + a(Q") = —g on 3Q.
Let uy = v, +c; —a2(Q7) and uy = v, + ¢, — arx(Q7) be two weak solutions corresponding to {a;,by,c}
and {a,,b>,c,}, respectively, where v, v, € H), 0(Q). (a2 — a)y(Q ) isa H' functionin @, a4, —a; =0on I,
and (a; — a))x(Q") = 0on I U Q". Since the boundary dQ and the subdomains’ boundaries 9Q™ are Lipschitz
continuous, (@, —a;)x(Q7 ) is a H1 function in Q. Thus u; —u; = (v; — v5) + (¢; —¢2) — (@1 — a2)x(Q7 ) isa
H' function in Q. Since u; = u, = g on 0Q, u; — u, € H)(Q). It is easy to see that u; — u, € H}(Q) satisfies
—[o- BV (uy —u2) - Vp — [ BV (1) — us) - Vi = 0, for any € H((Q). Therefore u; = us.

3. Numerical method

For ease of discussion in this section, and accuracy testing in the next section, we assume that «, b and ¢
are smooth on the closure of Q. We also assume that # and f'are smooth on the closure of each Q" and Q™
but they may be discontinuous across the interface I. However 0Q, 0Q and 0Q" are kept to be Lipschitz
continuous. We assume that there is a Lipschitz continuous and piecewise smooth level-set function on Q,
which I'= {¢p =0}, Q" = {¢ <0} and Q" = {¢ > 0}. A unit vector n = ‘W‘ can be obtained on Q, which is a
unit normal vector of I' at I' pointing from Q~ to Q*.

3.1. Grid and interpolation

For simplicity, in this paper, we restrict ourselves to the special case of a rectangular domain Q = (Xpn,
Xmax) X (VminsYmax) 0 the plane, and f is scalar. Given positive integers I and J, set Ax = (Xjax — Xmin)// and
Ay = (Ymax — Ymin)/J. We define a uniform Cartesian grid {(x;),)} = {(Xmin + IAX,ymin + jAy)} for
i=0,..,land j=0,...,J. Each (x;)y)) is called a grid point. A grid point is called a boundary point if
i=0,1orj=0,J; otherwise an interior point. The grid size is defined as 4 = max(Ax,Ay) > 0.

Two sets of grid functions are needed and denoted by

H" ={o" = (0;;): 0<i<I,0<j<J}, and (3.1a)

Hy" = {o" = (w;;)) e HY : 0,;=0if i=0,] or j=0,J}. (3.1b)

For each rectangular region [x;,x;+ 1] X [y;y;+1], We cut it into two pieces of right triangular regions: one
is bounded by x =x;, y =y, and y = y]f (x = xi41) + y;, and the other is bounded by x = x;+1, ¥ = y;+
and y= i’*_'TfI’(x —X;y1) + ;. Collect all those triangular regions, we obtain a uniform triangulation "
Q = JgoK. See Fig. 1. We can also choose the hypotenuse to be y = )X’*:—_i’( —x;) +;, and get another
umform triangulation from the same Cartesian grid. There is no conceptual difference of our method on
these two triangulations.

If ¢(x;y;) < 0, we count the grid point (x;,y,) as in Q~; otherwise in Q. We call an edge (an edge of a
triangle in the triangulation) an interface edge if two of its ends (vertexes of triangles in the triangulation)
belong to different subdomains; or otherwise a regular edge.

We call a cell K an interface cell if its vertices’s belong to different subdomains, and clearly the interface
goes through the interface cell K. In the interface cell, we write K = K" U K. K" and K~ are separated by a
straight line segment, denoted by I':. Two end points of the line segment I'; are located on the interface I
and their locations can be calculated by the linear interpolations of the discrete level-set functions ¢” = {¢
(xy,)}. The vertices’s of K" are located in Q" U I' and the vertexes of K~ are located in @~ U TI'. K" and K~
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Fig. 1. A uniform triangulation.

are approximations of the regions of KN Q" and K N Q, respectively. We call a cell K a regular cell if all its
vertexes belong to the same subdomain, either Q" or Q. For a regular cell, we also write K=K " U K",
where K~ = {} (empty set) if all vertexes of K are in Q*, and K" = {} (empty set) if all vertexes of K are
in Q7. Clearly I'" = {}(empty set) in a regular cell, and K" and K~ are approximations of the regions
KN Q" and KN Q, respectively. We use |[K'| and |K| to represent the areas of K™ and K, respectively.

Remark 2. The I'% is a good approximation of I' N K for the C' or smoother interfaces, see Examples 1-6,
10-15. The I ?( is not a good approximation of I' N K for the Lipschitz continuous interfaces in general, see
Examples 7, 8, 16, 17, and 18, unless all kinks are on the edges of triangles of the triangulation, see Example
9.

Two extension operators are needed. The first one is 7" : Hy" — H}(Q). For any " € Hy", T"(y") is a
standard continuous piecewise linear function, which is a linear function in every triangular cell and 7”"(y")
matches ¥ on grid points. Clearly such function set, denoted by H(l)’h, is a finite dimensional subspace of
Hy(Q).

The second extension operator U” is constructed as follows. For any u" € H"" with «" = g" at boundary
points, U"(i") is a piecewise linear function and matches »" on grid points. It is a linear function in each
regular cell, just like the first extension operator U"(u") = T"(u"") in regular cell. In each interface cell, it con-
sists of two pieces of linear functions, one is on K* and the other is on K. The location of its discontinuity
in the interface cell is the straight line segment I'2. Note that two end points of the line segment are located
on the interface I', and hence the interface condition [u] = « could be and is enforced exactly at these two
end points. In each interface cell, the interface condition [Vu - n] = b is enforced with the value b at the
middle point of I'".. Clearly such a function is not continuous in general, neither the set of such functions
a linear space. We denote the set of such functions as H;f, which should be thought as an approximation of
the solution class H(a,c) (2.5) plus the restriction of [Bu,] = b. Similar versions of such extension can be
found in the literature [7,8]. In order to use this extension, we need the following lemma.

Lemma 6.1. Vu" € H'" U'u") can be constructed uniquely, provided T", ¢, a and b are given (The proof is
provided in Appendix A).

Since linear interpolations are used in approximating interfaces and solutions, the order of accuracy of
the method is expected to be 2nd order in some norm or, the “best’” hopeful, the 2nd order in L norm.

3.2. Discrete weak formulation

Under the current setting, we discretize the weak formulation (2.7) as follows:

Method 3.1. Find a discrete function u” € H'" such that

u" = g" on boundary points (3.2a)
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and for all " € Hy",
- ([ v wrwn + [ pvedy re)
KeTh

Z( / T / bT" (Y )) (3.2b)

KeT!

Note that u = g on the boundary is the same as u — ¢ + ay(®~) = 0 on the boundary.

Remark 3. Our method uses weak formulations, as finite element methods do. However the solution set
H" is not a linear space, which is different from traditional finite element methods.

H (l)‘h is a finite dimensional linear space and its dimension is the number of interior grid points. We con-
struct its base as follows. For m=1,..,/—1 and n=1,...,J—1, let x//fm = {0im0jn:i=0,...,1,
j=0,...,J} € Hé’h where J;,,, = 1, if i =m and ¢, ,, =0, if i # m. Hence our Method 3.1 can be rewritten
as

Method 3.2. Find a discrete function " = {u;j} € H"“" such that
u" = g" on the boundary points (3.3a)

and for every discrete base function " H(l)"h,

m.n

(/ YU (W) - VT (Y, /ﬁVU” ) - VT (" ))
KeTh

-y ( )+ [ i+ [ brhwfn‘n)). (3.3b)

KeT"

Remark 4. Let T" be any irregular “triangulations” in multi-dimensions. Let H'" and H}" be proper grid
function spaces in multi-dimensions. Let U" and T" be corresponding extensions in multi-dimensions.
Method 3.2 also works on irregular “triangulations” in any space dimensions. Uniform ‘“‘triangulations”,
which result from uniform Cartesian grids, are simpler and less expensive compared to irregular “triangu-
lations™. Since the method uses non-body-fitting grids and captures discontinuities at interfaces so well (2nd
order accurate in L> norm), the expected disadvantage in resolutions at and near interfaces of non-body-
fitting uniform “triangulations” compared to body-fitting irregular “‘triangulations” is significantly
reduced. Therefore we propose the method using non-body-fitting irregular “triangulations” and uniform
“triangulations”, so that potential users can have their choices.

Remark 5. Because the method uses non-body-fitting ‘““triangulations”, the method could use irregular
“triangulations” or uniform “triangulations”. For methods using body-fitting “triangulations”, irregular
“triangulations” are required and uniform “triangulations” can not be used in general. Method using
body-fitting grids have another drawback. If the interfaces move, costly grid regenerations are required
as time goes.

Remark 6. The method proposed here is independent of the values of ¢ away from 0Q or the values of «
away from TI'. It does depend on the values of b near I', because I approximates and in general is not equal
to I' n K. So do the numerical solutions. However the weak solution is independent of the values of b away
from I' and the numerical solutions converge to the weak solution. Extensive numerical experiments are
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presented and show that the method is 2nd order accurate in solution and 1st order accurate in its gradients
in L> norm if the interface is C*> and solutions are C> on the closures of subdomains. The method can han-
dle the problems when the solutions and/or the interfaces are weaker than C2. For example, u € HX(Q%), I’
is Lipschitz continuous and their singularities coincide, see Example 18 in Section 4. The accuracies of the
method under various circumstances are listed in Table 19. Therefore the dependence of the numerical solu-
tions on the data is acceptable. Potential readers and/or users could try to find optimal data b, which is
beyond the scope of this paper.

4. Numerical experiments

Consider the problem
V- (BVu) =f, in QF,

[u] = a, on I,
[Pu,] = b, on I
u=g, on 0Q,

on the rectangular domain Q = (Xpin,Xmax) X minsVmax)- I 18 an interface and prescribed by the zero level-
set {(x,y) € Q|¢(x,y) =0} of a level-set function ¢(x,y). The unit normal vector of I' is n = \V ¢\ pointing
from @ = {(x,p) € Qd(x.y) < 0} to Q= {(x,)) € QP(x.))}.

In all numerical experiments below, the level-set function ¢(x.y), the coefficients f~(x,y) and the
solutions

(u(x,y) = {W(xay), o,

u (x,y), @

are given. Hence /= V- (BVu),a=u" — u~ and b = B u — f~u; can be derived on the whole domain Q. g
is obtained by the proper Dirichlet boundary condition, since the solutions are given.

Sequences of uniform Cartesian grids are used QF = {(x,,y,)|xl Xmnin + 1 dX5, Vi = Ymin TJ dy ,

LI, j=0,..., J"}. dxk = (Xmax — xmm)/lk is the step-size in x direction and I" + 1 is the number
of grid points in x direction. dy* = (ymax — Ymin)/J* is the step-size in y direction and J* + 1 is the number
of grid points in y direction.

The interface might hit grid points, which may cause inaccuracy in dealing with a situation of zero over
zero. To avoid this, set ¢(x;y) = —¢, if [Pp(x;))| <€ (=107%Ax in all calculations). For simplicity reason, in
each triangular cell K, set " to be the f value at the center of K, and f~ the f§ value at the center of K.
They approximate ﬁ S+ and ‘Kl—,l [ - B within enough accuracy. To evaluate [,.fT"(y" ), first cut K
into two triangles if F is not a triangle, then on each triangle, use a 2nd order accurate numerical quad-
rature. Evaluate [, fT "(y" ) similarly. Use the 2nd order accurate midpoint rule to evaluate I r BT"(Y" ).

All errors in solutions are measured in L™ norm in the whole domain Q. All errors in gradient of solu-
tions are measured in L™ norm away from interfaces.

4.1. Smooth interfaces and smooth solutions

In all experiments of this subsection, all interfaces are C°°, all solutions are C**(Q™) and the domains are
(—1,1) x (—1,1). Two different sequences of grids are used to check if the method is insensitive to the grids.
All experiments in this subsection show that the method is insensitive to the grids if the interfaces and solu-
tions are smooth.
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Example 1. The level-set functions ¢, the coefficients * and the solution u* are given as follows:

¢ =x"+1" =025 or ¢, =+/x2+*—0.5,
B =sin(x+y)+2, B =cos(x+y)+2,
ut =In(x*+3%), u =sin(x+y).
Fig. 2 shows the numerical solution of the method using 321 number of points in both x and y directions.
Upper (with ¢ = ¢; = x* + y* — 0.25) and lower (with ¢ = ¢, = /x> +? — 0.5) halves of the Table 1
shows that the method achieves 2nd order accuracy in solutions and first order accuracy in its gradients

on two different sets of grids. The method is not sensitive to (1) the forms of level-set functions or (2)
the grids.

Example 2. The level-set function ¢, the coefficients f* and the solution u* are given as follows:
¢ =x*+y* —0.25,
Br=x>—y"+3, B =1000(xy +3),
u=1-x"—y" u =x"+y"+2.
Fig. 3 shows the numerical solution of the method using 321 number of points in both x and y directions.
The difficulty of the example is that /8~ ~ 1/1000. Table 2 shows that the method achieves 2nd order

accuracy in solutions and first order accuracy in its gradient on two different sets of grids. The method
is not sensitive to the grids.

Example 3. The level-set function ¢, the coefficients f* and the solution #™ are given as follows:

0.6
02 04

0
-0.2
AT, gy 08 o

Fig. 2. The method is NOT sensitive to the forms of level-set functions or grids.



420

S. Hou, X.-D. Liu | Journal of Computational Physics 202 (2005) 411-445

Table 1

Upper half for ¢ = ¢ = x> + y* — 0.25 and lower half for ¢ = ¢, = /x> + )2 — 0.5

¢ # of pts in x, y Errin U Order Err in VU Order

¢ = 40, 40 2.30e—3 1.39e—-2
80, 80 5.54e—4 2.06 5.85¢—3 1.25
160, 160 1.36e—4 2.02 2.22¢—3 1.40
320, 320 3.64e—5 1.90 1.00e—3 1.14
41, 39 2.28e—3 1.40e—2
81, 79 5.56e—4 2.03 6.03e—3 1.22
161, 159 1.39¢e—4 2.00 2.32e-3 1.38
321, 319 3.66e—5 1.92 1.03e—3 1.17

b= 40, 40 1.79¢—-3 1.39e—-2
80, 80 4.83e—4 1.88 5.81e—3 1.26
160, 160 1.26e—4 1.94 2.30e-3 1.34
320, 320 3.27e-5 1.94 1.03e—-3 1.16
41, 39 1.8%¢—-3 1.43e—2
81, 79 5.04e—4 1.91 6.19¢—3 1.20
161, 159 1.32¢e—4 1.93 2.33e-3 1.41
321, 319 3.38¢—5 1.97 1.07e-3 1.12

¢ =x*+y* —0.25,

a) fr=10°, p =1,

b) =1

) fr=10° p =1,
ﬂ+

(
(
(
(d)

u+—r_m_|_<i_i>r U =—
AV B

-1 -0.6
4 -0.8

Fig. 3. Difficulty: The ratio 8"/~ is very small.

, B =10

=1, p =10°

o —
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Table 2

2nd order in u and st order in Vu

# of ptsin x, y Errin U Order Err in VU Order
40, 40 5.54e—1 3.92e-0

80, 80 1.45¢e—1 1.93 1.34e—0 1.55
160, 160 3.19e-2 2.18 6.43e—1 1.06
320, 320 8.94e—3 1.84 2.84e—1 1.18
41, 39 491e—1 3.92e-0

81, 79 1.37e—1 1.84 1.57e—0 1.32
161, 159 3.84e-2 1.83 5.59e—1 1.49
321, 319 9.04e—3 2.09 2.98¢e—1 0.91

where o = 3, r = /x2 + 2, and ry = 0.5, see the example in [7]. Fig. 4 shows the numerical solution of the
method in solving case (c) using 513 number of points in both x and y directions. The difficulty of the exam-
ple is that f*/f~ ~ 10" (case (a)), 1073 (case (b)), 10*® (case (c)) or 107 (case (d)), which are either very
large or small. Table 3 shows that the method achieves 2nd order accuracy in solutions and first order accu-
racy in its gradient in all four cases. The errors in all four cases are of the same magnitude, which means the
method is not very sensitive to *.

Example 4. The level-set function ¢, the coefficients f* and the solution u* are given as follows:
¢ =x*+1"—0.25,
ﬂJr:ba ﬁ7:V2+1,
A 2 _ 1
5—% -z C
ut = 1/4+%+%+3 log(2r) u™ =1,
where » = 1/x? 4+ )2, see the example in [5]. Two cases are studied here: (a) » =10 and C=0.1; (b) b= -3
and C =0.1. Note that in the case (b) = —3 <0, the problem is not formally an elliptic problem (but
could be converted to be an elliptic problem). Fig. 5 shows the numerical solutions of the method in solving
case (a) and case (b) using 321 number of points in both x and y directions. The difficulty of the example is

i -04
4N i 06

Fig. 4. Difficulty: The ratio %/~ is very small.
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Table 3
2nd order in u and 1st order in Vu
Cases # of ptsin x, y Errin U Order Err in VU Order
case (a) f~ =1 " =10° 65, 65 4.96e—4 1.93e—3
129, 129 1.46e—4 1.76 5.98¢—4 1.69
257, 257 3.92e-5 1.90 2.35¢—4 1.35
513, 513 1.00e—5 1.97 1.06e—4 1.15
case (b) p~=10° g+ =1 65, 65 6.19¢e—4 3.10e—3
129, 129 1.42¢—4 2.14 9.59¢—4 1.69
257, 257 3.82e-5 1.89 3.72¢e—4 1.37
513, 513 9.32¢—6 2.04 1.43e—4 1.38
case () f~=1p4"=10° 65, 65 8.96e—4 2.29¢—3
129, 129 2.13e—4 2.07 7.92e—4 1.53
257, 257 6.20e—5 1.78 4.34e—4 0.87
513, 513 1.59¢—5 1.96 2.67e—4 0.70
case (d) f~=10° g =1 65, 65 6.71e—4 3.88¢e—3
129, 129 1.93¢—4 1.80 1.33e—3 1.54
257, 257 5.02e—5 1.94 5.6le—4 1.25
513, 513 1.26e—5 1.99 2.67e—4 1.07

that the problem is not formally elliptic in case (b), since ﬁ+ = -3 <0. Table 4 shows that the method
achieves 2nd order accuracy in solutions and first order accuracy in its gradient in case (a).
Example 5. The level-set function ¢, the coefficients f~ and the solution u* are given as follows:
¢ = (x— 0.02v/3)% + (» — 0.02V/5)* — (0.5 + 0.25in(50))?,
with x(0) = 0.02v/5 + (0.5 + 0.25in(50)) cos(6),
y(0) = 0.02v/5 + (0.5 + 0.2sin(50)) sin(0),

Br=(v+2)/5 B =& -1+3)/7,
ut=5-5>-5% u =T7+77+6.

6 € 10,2n),

The difficulty of the example is that the interface has complicated geometry. Fig. 6 shows the numerical
solution of the method using 321 number of points both in x and y directions. Table 5 shows that the
method achieves 2nd order accuracy in solutions and 1st order accuracy in its gradients on two different
sets of grids. The method is not sensitive to the grids.

Example 6. The level-set function ¢, the coefficients f~ and the solution u™ are given as follows:
p=x"—y-1,
Br=xy+2, p =x—y+3,
ut=4—-x>—y", u =x>+)~
Also note that the interface is tangential to the boundary 0Q at (0,1) point, and it intersects with the

boundary 0Q2 at (—1,0) and (1,0) at certain nonzero angles. The difficulty of the example is that the interface
is tangential to the boundary and intersects with the boundary at certain nonzero angles. Fig. 7 shows the



S. Hou, X.-D. Liu | Journal of Computational Physics 202 (2005) 411-445 423

05,

04
A5 0s 06

Fig. 5. Upper part is case (a); Lower part is case (b), which has "= -3 <0.

Table 4

2nd order in u and Ist order in Vu in case (a)

# of ptsin x, y Errin U Order Err in VU Order
21,21 1.27e-3 2.24e-3

41, 41 3.13¢e—4 2.02 6.36e—4 1.82
81, 81 7.17e-5 2.13 2.03e—4 1.65
161, 161 1.82e—5 1.98 6.94e—5 1.55
321, 321 4.42¢—6 2.04 2.86e—5 1.28

numerical solution of the method using 321 number of points both in x and y directions. Table 6 shows that
the method still achieves 2nd order accuracy in solutions and about 1st order accuracy in its gradients on
two different sets of grids. The method is not sensitive to the grids.
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Fig. 6. Difficulty: more complicated geometry of the interface.

Table 5

2nd order in u# and Ist order in Vu

# of pts in x, y Errin U Order Errin VU Order
40, 40 3.18¢-2 1.48e—1

80, 80 9.02e—3 1.82 1.32e—1 0.17
160, 160 2.08e—3 2.12 4.79¢—2 1.46
320, 320 5.55¢e—4 1.91 2.05e-2 1.22
41, 39 2.75e—2 2.73e—1

81, 79 9.28¢—3 1.57 1.6le—1 0.76
161, 159 2.54e-3 1.87 4.19¢—2 1.94
321, 319 5.67e—4 2.16 2.72e-2 0.62

4.2. Lipschitz continuous interface and smooth solutions

In all experiments of this subsection, all interfaces are only Lipschitz continuous or worse, solutions are
C>(Q%) and the domains are (—1,1) x (—1,1).

Recall that the interface in the interface cell K is approximated by a straight line segment I'%, which
is a good approximation if there is no kink located inside of any cell, and is not a good approximation
if the interface has a kink in side of one cell. It is accurate enough to achieve 2nd order accuracy in L™
for the extension U" and hence the method, provided that there is only one smooth piece of interface in
each cell K, i.e., all kinks are located on the edges of cells. Our numerical experiments below confirm
that. On the other hand, if there is one interface cell consisting more than one smooth piece of inter-
face, i.e., the kink is inside of the cell, the order of accuracy of the method will degrade, as shown
below. However the numerical experiments suggest that the numerical solutions converge. This is the
Ist convergent method in the literature on the problem (2.1a)-(2.1c) with Lipschitz continuous
interfaces.
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2 |

Fig. 7. Difficulty: I' is smooth but is tangential to 0Q and intersects with 0Q with non-zero angles.

Table 6

2nd order in u and 1st order in Vu

#of ptsin x, y Errin U Order Errin VU Order
40, 40 4.88e—4 2.70e-3

80, 80 1.25¢—4 1.96 1.11e-3 1.28
160, 160 3.40e-5 1.88 7.02e—4 0.66
320, 320 8.99¢—6 1.92 4.59¢—4 0.61
41, 39 5.05e—4 2.95¢-3

81, 79 1.35¢—4 1.90 1.20e—3 1.30
161, 159 3.5le-5 1.94 5.88e—4 1.03
321, 319 9.05¢—6 1.96 2.8%9¢—4 1.02

Example 7. The level-set function ¢, the coefficients f* and the solution u* are given as follows:
¢ =030+ —x)>—x>—)* (cardioid),
Br=x—=y+3, [ =xy+3,
ut=1-x"—y", u =x"+y"+2.
Note that the interface is not even Lipschitz continuous and the singular point of the interface is the cusp
point (0,0). The difficulty is that the interface is not even Lipschitz continuous. Fig. 8 shows the numerical
solution of the method using 321 number of points both in x and y directions. The numerical accuracy tests

seems to suggest that 1.8th order accurate convergence in solutions and about 1st order in Vu on two dif-
ferent sets of grids, see Table 7.

Example 8. The level-set function ¢, the coefficients = and the solution u™* are given as follows:

¢ = (sin(5mx) — y)(—sin(5my) — x),
Br=xy+2, B =x"-y+3,

ut=4—x"—y u =x"+).
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Fig. 8. I' is a cardioid and is not Lipschitz continuous at the cusp point, (0,0), of the cardioid.

Table 7

About 1.8th order in u and about 1st order in Vu

# of pts in x, y Errin U Order Errin VU Order
40, 40 4.08¢—3 2.02e—2

80, 80 7.90e—4 2.36 8.00e—3 1.34
160, 160 2.14e—4 1.88 4.05e—3 0.98
320, 320 1.48¢e—4 0.53 3.46e-3 0.23
640, 640 7.77e-5 2.70 2.45¢e-3 0.50
41, 39 3.60e—3 1.94e-2

81, 79 9.85e—4 1.87 6.52e—3 1.57
161, 159 2.96e—4 1.73 3.56e—3 0.87
321, 319 6.77e—5 2.13 1.54e—3 1.21
641, 639 2.43e-5 1.48 6.3le—4 1.29

The difficulty of the example is that there are many kinks on the interface and some of their coordinates
are irrational. There is no way to construct a uniform grid to make sure that every triangle cell has only one
smooth piece interface. That is the reason why the method is only 0.8th order accurate, see Table 8. Also see
Fig. 9 for the numerical solution of the method using 321 number of points both in x and y directions.

Example 9. The level-set function ¢, the coefficients f~ and the solution u* are given as follows:

¢ = max(min(¢y, ¢y, ¢3), Ps; Ps, g, min(e7, ¢s)),

o

V2497 — 075~ 0.15%,

¢y = (x—0.75)7 +2 — 0.15,

3

¢4:
¢s =

bs

¢7_
¢8_

(x +0.75)* + % — 0.15,

o012 0

012 0.1

—x2 — (y+0.08)* 4 0.12°,
—x2 — (y+0.625)° + 0.425%,
—x2 — (y+0.25)" +0.22,

B =(w+2)/5 B =& -y +3)/7,
ut=5-5>-5% u =T+ +1.

0L (x —0.2)" = %12(y — 0.22)> +0.12- 0.1,
0L (x +0.2)" — %12 (y — 0.22)> +0.12- 0.1,



S. Hou, X.-D. Liu | Journal of Computational Physics 202 (2005) 411-445 427

Table 8

0.8th order in u

# of ptsin x, y Errin U Order
40, 40 2.38¢e—1

80, 80 7.88¢e—2 1.59
160, 160 5.43e-2 0.54
320, 320 2.57e-2 1.08
41, 39 1.24e—1

81, 79 6.75e—-2 0.88
161, 159 4.56e—2 0.57
321, 319 2.25¢—2 1.02

14

Fig. 9. I" has many kinks and intersects with the outer boundary 0Q.

Note that the interfaces have kinks around ears and mouth, and the mouth and the nose are tangential at
point (0,—0.2), which is not Lipschitz continuous (see Fig. 10). Fig. 10 shows the numerical solution using
321 number of points both in x and y directions. Table 9 shows the results of numerical accuracy tests.
Because all kinks and the touch point (0,—0.2) are on grid points, and hence every interface cell has only
one smooth piece interface. Our method achieve 2nd order accuracy in solutions and more than 1st order
accuracy in its gradients. The cases that the kinks of interfaces are not all on the cell boundaries, are studied
in the Section 4.4.

4.3. Piecewise C°, C' Solutions with C°, C' Interfaces

Two interfaces are used:

(x4 12
d){y (x+x),. x+y>0, (412)
y— (x+x*+sin(5x)/5), x+y<0
and
—(2x), >0,
e I (4.10)
y—(2x+x%), x+y<0.
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-0.4

-1 06
4 08

Fig. 10. I" has many kinks at the corners of ears, the corners of mouth, and the touching point of the nose and the mouth.

Table 9

2nd order in u and more than 1st order in Vu

# of pts in x, y Errin U Order Errin VU Order
40, 40 6.06e—2 3.09¢—1

80, 80 1.64e—2 1.89 1.16e—1 1.41
160, 160 4.34e-3 1.92 4.71e-2 1.30
320, 320 1.15e-3 1.92 1.81e—2 1.40

The 1st interface (4.1a) is C* but not C* and its non-C* point is (0,0). The 2nd interface (4.1b) is C' but
not C? and its non-C? point is (0,0).
Two solutions are used:

. <0,

ut = 2, = {Sln(x+y), Xty (428.)
X+, x+y>0,
sin cos , <0,

ut =2, u:{ (xty) Feos(rty), x+y (4.2b)
x+y+1, x+y>0.

For ease of referring, the solution in (4.2a) is called piecewise C> in the following sense:
u e C3(QF), ¢ C3(QF) with bounded 3rd derivatives. Its non-C* points in Q are {(x,—x)|x > 0}. For the
same reason, the solution in (4.2b) is called piecewise C' in the following sense: u € C'(QF), ¢ C*(QF) with
bounded 2nd derivatives. Its non-C? points in Q~ are {(x,—x)|x > 0}.
One domain is used: (—1,m — 2) x (—1,© — 2). A sequence of uniform Cartesian grids on this domain is
= —1+4+iA*, i=0,...,2"10+ 1, }

used:
{ v
Q - (zay) l . . k
J yf=—1-|-jAyk,j=0,...,210—1,

where Ax* = 5Z5L and Ay = . Note that the non-smooth point (0,0) of the interfaces will not locate
on the edges of triangles of the trlangulatlons resulting from the sequence of uniform Cartesian grids.

4.3)
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Example 10. The level-set function ¢, the coefficients * and the solution u* are given as follows:

d):{y—(Zx—&—xz), x+y>0,
y— (x +x* +sin(5x)/5), x+y<0,
Bt =(y+2)/5 p = -y +3)/7,
{sin(ery), x+y<0,

ut =2
X+, x+y>0.

)

Note that the interface is C* but not C* and the solution u is piecewise C2. Fig. 11 shows the numerical
solution using Q° of (4.3). Table 10 shows that the method achieves 2nd order accuracy in solutions and 1st
order accuracy in its gradient.

Example 11. The level-set function ¢, the coefficients f* and the solution 1™ are given as follows:

¢:{y—(2x+x2), x+y>0,

y— (x +x* +sin(5x)/5), x+y<0,
Br=y+2)/5 B =E-y+3)/7,
{sin<x+y>+cos(x+y>, x4+ y<0,

ut =2, u =
x+y+1, x+y>0.

)

-1 0.5
-1

Fig. 11. Interface is C> but not C* and u~ is piecewise C>. The non-C> point (0,0) of the interface is on the non-C* points,
{(x,—x)|x > 0}, of the solution.

Table 10

2nd order in u and Ist order in Vu

# of ptsin x, y Errin U Order Errin VU Order
41,39 7.05e—4 5.03¢e-3

81,79 2.5le—4 1.49 2.30e—3 1.13
161, 159 6.16e—5 2.03 9.15¢—4 1.33
321, 319 1.76e—5 1.81 4.46e—4 1.04

641, 639 3.98¢e—6 1.93 1.91e—4 1.10
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Note that the interface I' is C* but not C* and the solution « is C' but not C*> on Q. Fig. 12 shows the
numerical solution using Q> of (4.3). Table 11 shows that the method achieves 1st order accuracy in solu-
tions and about 0.8th order accuracy in its gradient.

Example 12. The level-set function ¢, the coefficients f* and the solution u™ are given as follows:
y— (2x), x+y>0,
= {y— (2x+x%), x+y<0,
Br=(w+2)/5 B =& -y +3)/7,
- sin(x +y), x+y<O0,
- {x +, x+y>0.
Note that the interface is C' but not C* and the solution u is C* but not C*> on Q. Fig. 13 shows the

numerical solution using Q> grid of (4.3). Table 12 shows that the method achieves 2nd order accuracy
in solutions and 1st order accuracy in its gradients.

ut =2,

q 05
-1

Fig. 12. Interface is C*> but not C* and u~ is piecewise C'. The non-C* point (0,0) of the interface is on the non-C> points,
{(x,—x)|x > 0}, of the solution.

Table 11

Ist order in # and about 0.8th order in Vu

# of ptsin x, y Errin U Order Errin VU Order
41,39 1.54e-3 1.78e—2

81,79 7.75e—4 0.99 9.30e—3 0.94
161,159 5.06e—4 0.62 5.46e—3 0.77
321,319 2.02¢e—4 1.32 3.62e—3 0.59

641,639 7.72e-5 1.00 1.99e—-3 0.76
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-1 -0.5
-1

Fig. 13. Interface is C' but not C? and u~ is piecewise C>. The non-C> point (0,0) of the interface is on the non-C* points,
{(x,—x)|x > 0}, of the solution.

Table 12

About 2nd order in u and 1st order in Vu

# of ptsin x, y Errin U Order Errin VU Order
41, 39 2.74e—4 1.42e-3

81, 79 7.89¢e—5 1.80 5.49¢—4 1.37
161, 159 2.29¢—5 1.78 3.70e—4 0.57
321, 319 6.17e—6 1.89 1.40e—4 1.40
641, 639 1.71e—6 1.85 7.60e—5 0.88

Example 13. The level-set function ¢, the coefficients * and the solution u* are given as follows:
y—(2x), x+y>0,
¢= {y— (2x +x%), x+y<0,
Br=(y+2)/5 B = -y+3)/7,
sin(x +y) + cos(x +y), x+y<0,
{x+y+1, x+y>0.
Note that the interface I' is C' but not C* and the solution u is C' but not C> on Q~. Fig. 14 shows the

numerical solution using Q° grid of (4.3). Table 13 shows that the method achieves Ist order accuracy in
solutions and about 0.8th order accuracy in its gradients.

ut =2, u =

4.4. Piecewise H® solutions andlor Lipschitz continuous interfaces

In the previous subsection, the interfaces used are either C (but not C*) or C! (but not C?) and the solu-
tions used is either piecewise C or piecewise C'.
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Fig. 14. Interface is C' but not C? and u~ is piecewise C'. The non-C? point (0,0) of the interface is on the non-C> points,
{(x,—x)|x > 0}, of the solution.

Table 13

Ist order in u and 0.8th order in Vu

# of pts in x, y Errin U Order Err in VU Order
41, 39 1.35e—3 1.79e-2

81, 79 7.80e—4 0.79 9.35e—3 0.94
161, 159 5.0le—4 0.64 5.45¢-3 0.78
321, 319 2.03e—4 1.30 3.62¢-3 0.59
641, 639 9.64e—5 1.07 2.02e—3 0.84

In this subsection, a Lipschitz continuous interface is used:

y—2x x+y>0,
o1

4.4
y+ix x+y<O0. (44)

Clearly its singular point (kink) is the origin (0,0).
In the existence and uniqueness Theorem 2.1, the right hand side =V - (fVu) is only required to be
L*(Q) and could blow up at some point in Q. In this subsection, a solution

ut = QF
u= , 5. ’ (4.5)
u = (x*+ )y +sin(x +y), Q

is used. For ease of referring, the solution in (4.5) is called piecewise H” in the following sense:
ut € H*(Q%), € C'(Q*) with unbounded 2nd derivatives. Its singular point, where its 2nd derivatives blow
up, is the origin (0,0). Since f+ € C*(Q*), the resulting /= V - (fVu) € L*(Q) but blow up at the origin. An
extra caution is needed: never evaluate f at its exact blow-up point.

All numerical experiments in this subsection possess a singular point either from the interface (4.4) and/
or from the solution (4.5). At the singular cell, in which the interface has a singular point (kink) inside of the
cell, integrations [, and [, in the Method 3.2 are not good approximations of their associated ones in
the weak formulation (2.7), since I' has a kink inside K and I’ " is a straight line segment inside K. At the
singular cell, in which solutions u* ¢ C?(Q") have a singular point and so is the £, the numerical quadrature
used in evaluating [ /T "(y" Y in the Method 3.2 loses the 2nd order accuracy, so does the extension U"(1")

m,n
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in the Method 3.2. The order of accuracy of those approximations depends on the relative locations of the
singular points in the singular cells. Hence the method under arbitrary sequences of grids will not show the
order of accuracy in a consistent way.

Special but rather general sequences of uniform Cartesian grids are used, which require the relative loca-
tions of the singular points are the same or almost same in the singular cells of all grids within the same
sequences. For ease of discussion, one dimensional case is considered first. Let Q = (Xin,Xmax) be the do-
main with finite number of singular points: x,,...,x, € €. Assume the singular points are at relatively ra-
tional locations, i.e., Vr:("x X:“;“m are rational: ﬁ 2 forI=1,..., L, where p and ¢ are positive integers,

p <gq, p and g have no common factor other than 1, relevantly A sequence {Q"'} of uniform Cartesian grids
can be constructed, in which each grid Q™ is

Q" = {xX = Xpin + A", i =0,1,..., 1, + 1},

where Ax™ = ’% L,=7r"kQ,r>1,k>0,Q >0 are integers, and Q is the smallest multiple of all ¢;. It is

m
Xs

i ‘C

easy to check that q”'" = Lm0 holds for every Q' in the sequence {Q"'}. Note that —L—"" are inde-

Yma xx_‘cmm ax ~Xmin

pendent from m. Therefore the relative location of each singular points, x,, in the singular cell
[y, xey o] of @7 is the same for all m.
am qim

For two dimensional case, let Q2 = (Xpin,Xmax) X (minsYmax) b€ the domain with finite number of singular

points: (X, ¥, ), -+, (Xs,,,,) € Q. Assume the singular points are at relatively rational locations, i.e.,
Xs; — Xmin :@ ysl_ymin :@ (46)

’
Xmax — Xmin qx.1 Ymax — Vmin qy,l

for/=1, ..., L, where p and ¢ are positive integers, p < ¢ and p and ¢ have no common factor other than 1,
relevantly. Two sequences, {2} and {Q”"}, of one dimensional uniform Cartesian grids can be con-
structed in each direction:

Q" = {xlm = Xmin +1Axma i= 0717"'a[m + 1})
Q" =] = Yin TN j=0,1,.. T, + 1},
where Ax" = fmstun Ayt — tmadwn [ = "k Q. J, = "k, Q,, 1> 1, k>0, k, >0, O, and Q) are integers,

I+l
and Q, is the smallest multiple of ¢, 1, ..., ¢, and O, is the smallest multiple of ¢, 1, .. ., g, ;. The sequence
of uniform Cartesian grids in two dimension {Q™"} can be constructed, in which
QU= x Q= {(x]",)]) | X € @,y € Q) (4.7

Three sequences of uniform Cartesian grids are used in all five numerical experiments in this subsection.
First two of them are in the form of (4.7) and the third one is not:

. . k
ok — (xkyk)xf:_1+lmk,l=0,...,210+1
i1 yjf:_l+JAyk7j:O’72k5+l
t 2

4
where Av¥ = ——— and Af=_—_—"— 4.8a
220 + 1 Y T 01 (4.82)
for the domain (—1,3) x (—1,1)
__ —2=n . s k
ot = Lty ==+ iAF, i =0,...,2"20+1
U =g A, j=0,...,220+ 1
where A = ——~ and Ay =" (4.8b)

220 + 1 2520 + 1
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for the domain (=2,3) x (=2 35) and

5075 5175
K= 24 iAxk, i=0,...,2° L) Ly |
QFF = L (xF )f i l_ l. ,  where Ax* = i and A =3 - 4.8¢c
y k k k
VY = 1A, =002 2 2

for the domain (—1,%) x (—1,3F).
Clearly the relative location of the singular point, the origin (0,0), is rational for the first two sequences
(4.8a) and (4.8b) but irrational for the third one (4.8c).

Remark 7.

(1) In all five experiments in this subsection, the method is shown to be convergent under the grids (4.8c¢),
although varying orders of accuracy have been observed. The grids (4.8a) and (4.8b) are used to see the
orders of accuracy in a consistent way.

(2) The relative locations of singular points may be irrational, i.e. at least one of Fo—— and FT—— is not
rational number. However any irrational number is a limit of a sequence of rational numbers, hence
can be approximated by a rational number. Therefore the grids (4.8c) is used in all five experiments.

(3) If the smallest multiple of all ¢ is too large, a smaller integer is recommended, as long as the relative
locations of the singular points do not vary too much.

(4) The sequences of grids (4.7) can handle the cases that there are finite number of singular points.

Xs; ~Xmin Ys; ~Ymin

Example 14. The level-set function ¢, the coefficients * and the solution u* are given as follows:

5 y— (2x +x?), x+y >0,
a y— (x +x* +sin(5x)/5), x+y<0,

pr=1, p =2+sin(x+y),

ut =8, u =@’ —|—y2)g + sin(x + y).

Note that the interface I' is C> but not C° and the solution u is piecewise H-. Note that
u € H*(Q),€ C'(Q7) and u~ ¢ C*(27). u and hence f have the singular point at the origin, which coin-
cides with the interface non-C* point. Fig. 15 shows the numerical solution of the method using Q> of
(4.8a) on the domain (—1,3) x (—1,1). Table 14 shows that the method achieves about 1.6th order accuracy
in solutions and about 0.65th order accuracy in its gradient. Since u € H*(Q2%), € C'(F) but u ¢ C*(Q*),
the linear interpolations U"(u") do not guarantee 2nd order accuracy in approximating the true solutions u.
Varying orders of accuracy are observed under the grids (4.8c) since the singular point is not at relatively
same locations in singular cells of the grids in the sequence (4.8c).

Example 15. The level-set function ¢, the coefficients * and the solution u* are given as follows:
¢:{y—2x, x+y>0,
y—(x+x%), x+y<0,
pr=1, B =2+sin(x+y),
ut =8, u =(x* —|—y2)g + sin(x + y).
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Fig. 15. Interface is C* but not C3, its non-C* point is (0,0). u is piecewise H> and has a singular point at (0,0), which coincides with the
interface non-C>.

Table 14
About 1.6th order in # and about 0.65th order in Vu
Domain # of pts in x, y Errin U Order Errin VU Order
(=1,3)x(—L1) 81, 41 1.13e-3 1.22e—1
161, 81 3.69¢e—4 1.61 7.86e—2 0.63
321, 161 1.22¢—4 1.60 5.0le—2 0.65
641, 321 4.02e—5 1.60 3.17e-2 0.66
(=&, x (=&, 41, 41 2.09¢—3 1.85¢—1
81, 81 6.71e—4 1.64 1.20e—1 0.62
161, 161 2.18¢—4 1.62 7.61e—2 0.66
321, 321 7.11e-5 1.62 4.8le—2 0.66
(-2,38) x (-1,) 128, 128 5.71e—4 1.27e—1
256, 256 1.65¢e—4 1.79 6.42¢—2 0.98
512, 512 4.33e—5 1.93 4.18e—2 0.62

Note that the interface I' is C' but not C? and its non-C? point locates at (0,0). Also the solution u is
piecewise H*(Q%) and has a singular point (0,0), which coincides with the interface non-C> point. Fig. 16
shows the numerical solution of the method using Q> of (4.8a) on the domain (—1,3) x (—1,1). Table 15
shows that the method achieves about 1.6th order accuracy in solutions and around 0.65th order accu-
racy in the gradient of the solutions. Since u is piecewise H> but not C> on @, the linear interpolations
U"(u") do not guarantee 2nd order accuracy in approximating the true solutions u. Therefore the method
degenerates from 2nd order accuracy. Varying orders of accuracy are observed under the grids (4.8c),
since the singular point is not at relatively same locations in singular cells of the every grids in the
sequence (4.8c).
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Fig. 16. Interface is C! but not C2, its non-C? point is (0,0). u is piecewise H> and has a singular point at (0,0), which coincides with the
interface non-C? point.

Table 15
About 1.6th order in «# and about 0.65th order in Vu
Domain # of ptsin x, y Errin U Order Err in VU Order
(-1L3)x(-11) 81, 41 I.11e-3 1.23e—1
161, 81 3.58¢—4 1.63 7.92e-2 0.64
321, 161 1.16e—4 1.63 5.03e—2 0.65
641, 321 3.81e—5 1.61 3.18¢-2 0.66
(5=, x (5,%) 41, 41 2.10e—3 1.84e—1
81, 81 6.59¢—4 1.67 1.19e—1 0.63
161, 161 2.10e—4 1.65 7.57e-2 0.65
321, 321 6.74e—5 1.64 4.79¢-2 0.66
(=2, x (-1,%) 128,128 4.00e—4 1.30e—1
256, 256 1.43e—4 1.48 6.45¢e—2 1.01
512, 512 3.84e—5 1.90 4.21e-2 0.62

Example 16. The level-set function ¢, the coefficients f* and the solution u* are given as follows:
y—2x, x+y>0,
¢ = {y—k%x, x+y<0,
Br=(w+2)/5 B = -y +3)/7,
o __{sin(x—i—y)7 x+y<0,
’ X+, x+y>0.

Note that the interface I is Lipschitz continuous but not C' and and it has a kink at (0,0). The solution u
is piecewise C* and the kink of the interface is on the non-C® points, {(x,—x)|x < 0}, of the solution. Fig. 17
shows the numerical solution using Q- of (4.8a) on the domain (—1,3) x (—1,1). Table 16 shows that the
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Fig. 17. Interface is Lipschitz continuous and it has a kink at (0,0). u is piecewise C2. The kink (0,0) of the interface is on the non-C>
points, {(x,—x)|x >0}, of the solution.

Table 16

About 0.8th order in u

Domain #of ptsin x, y Errin u Order Err in Vu

(=1,3)x(=L1) 81,41 1.74e—2 1.14e—1
161, 81 1.0le-2 0.78 1.14e—1
321, 161 5.72¢—3 0.82 1.15e—1
641, 321 3.19¢e-3 0.84 1.15e—1

(=23 x(-&,%¥ 41,41 2.17e-2 9.15e—2
81,81 1.27e-2 0.77 9.4le-2
161, 161 7.21e-3 0.82 9.47e-2
321, 321 4.04e-3 0.84 9.49¢-2

(-2,3) x (-1,%) 128, 128 7.26e—2 1.15e—0
256, 256 6.44e—2 0.17 2.29¢—0
512, 512 8.82¢—3 2.87 5.60e—1

method achieves about 0.8th order accuracy in solutions on the whole domain. Varying orders of accuracy
are observed under the grids (4.8c), since the singular point is not at relatively same locations in singular
cells of the grids in the sequence (4.8c).

Example 17. The level-set function ¢, the coefficients * and the solution u* are given as follows:
y—2x, x+y>0,

= {y+%x, x+y<0,

B =@y+2)/5, B =~y +3)/7

o {sin(x+y)+cos(x+y), x+y<0,

ut =38,
x+y+1, Xx+y>0.
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Note that the interface I' is Lipschitz continuous but not C' and it has a kink at (0,0). The solution is C'
but not C? on Q and the kink of the interface is on the non-C? of the solution. Fig. 18 shows the numerical
solution using ©°° of (4.8a) on the domain (—1,3) x (—1,1). Table 17 shows that the method achieves about
0.8th order accuracy in solutions on the whole domain. Varying orders of accuracy are observed under the
grids (4.8c), since the singular point is not at relatively same locations in singular cells of the grids in the

sequence (4.8c).

05

-1
1 05

o

0.5

Fig. 18. Interface is Lipschitz continuous and has a kink at (0,0). The solution u is piecewise C'. The kink (0,0) of the interface is on the

non-C? points, {(x,—x)|x > 0}, of the solution.

Table 17

About 0.8th order in u

Domain # of ptsin x, y Err in u Order Err in Vu

(-13)x(-L1 41,21 3.35¢e-2 1.58e—1
81,41 1.95e—-2 0.78 1.38e—1
161,81 1.11e—2 0.81 1.27e—1
321,161 6.23¢—3 0.83 1.21e—1
641,321 3.45¢-3 0.85 1.18e—1

(—Z3x(-£.% 41,41 2.30e—2 1.3le—1
81,81 1.32e-2 0.80 1.14e—1
161,161 7.47¢-3 0.82 1.05e—1
321,321 4.17e-3 0.84 9.98e—2

(=2, x (-1,%) 128, 128 7.02e—2 1.11e—0
256, 256 4.20e—2 0.74 1.34e—0
512, 512 8.82¢—3 2.25 6.00e—1
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Example 18. The level-set function ¢, the coefficients * and the solution u* are given as follows:
y—2x, x+y>0,
¢= {y+§x, x+y<0,
=1, B =2+sin(x+y),
ut =8, u =’ +y2)% + sin(x + ).
Note that the interface I" is only Lipschitz continuous and has a singular point at (0,0). Also the solution

u is H*(Q%) and has a singular point (0,0), which coincides with the interface singular point. Fig. 19 shows
the numerical solution of the method using Q> of (4.8a) on the domain (—1,3) x (—1,1). Table 18 shows

-1 . g 0 0.5 1
Fig. 19. Interface is Lipschitz continuous and has a kink at (0,0). u is piecewise H> and has a singular point at (0,0), which coincides

with the interface singular point (0,0).

Table 18

About 0.8th order in u

Domain # of pts in x, y Errin u Order Err in Vu

(=1,3) x(=11) 41, 21 4.12e-2 1.42e—1
81, 41 2.30e—2 0.84 1.25e—1
161, 81 1.28e—2 0.85 1.15e—1
321, 161 7.02e—-3 0.86 1.08e—1
641, 321 3.85¢e—3 0.87 1.04e—1

(=&.3) x (=&,%) 41, 41 3.02e—-2 1.18e—1
81, 81 1.66e—2 0.86 1.02e—1
161, 161 9.04e—-3 0.88 9.20e—2
321, 321 4.92¢-3 0.88 8.81e—2

(-2,3) x (—1,%) 128, 128 3.15¢e-2 1.83e—1
256, 256 1.66e—2 0.92 1.74e—1

512, 512 5.95¢e—4 4.80 8.87e—-3
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Table 19
Conclusion of numerical experiments
I'is C? ris C! I' is Lipschitz continuous
u(x,r) is C? 2nd order in u and Ist order in Vu 2nd order in u# and 1Ist order in Vu 0.8th order in u
u(x,t) is C' Ist order in u and 0.8th order in Vu Ist order in # and 0.8th order in Vu 0.8th order in u

u(x,r) is H* 1.6th order in « and 0.65th order in Vu 1.6th order in «# and 0.65th order in Vu 0.8th order in u

that the method achieves about 0.8th order accuracy in solutions. Compared with the previous examples we
observe that the kink of the interface, instead of the singularity of the solution, produces the dominant
effect to bring down the order of accuracy. Varying orders of accuracy are observed under the grids
(4.8c), since the singular point is not at relatively same locations in singular cells of the grids in the sequence
(4.8¢).

The conclusion of the numerical experiments are listed in the Table 19. Note that the result for the case
in which the right hand side of the PDE blows up at a point is better than the result for a solution that is
piecewise C', with bounded 2nd derivative. This is due to the fact that we have a straight line {(x,—x)|x <0}
on which the latter solution is not C>, while we only have one point (0,0) at which the former solution has
unbounded 2nd derivative and at any other point the solution is C.

5. Conclusion

In this work, a numerical method is developed to solve an elliptic problem in multi-dimensional space
with variable coefficients, Lipschitz continuous interfaces and non-homogeneous interface conditions
(2.1a)—(2.1c). A weak formulation (2.6a) and (2.6b) of the problem and its the existence, uniqueness and
regularity of the weak solutions are studied, see Theorem 2.1. The method, Method 3.2, is derived from
the weak formulation by a simple but new discretization, which is different from traditional finite element
methods. The method uses non-body-fitting grids, hence irregular or uniform ‘““triangulation” can be used.
Methods using non-body-fitting grids have the advantage of avoiding costly grid regenerations over meth-
ods using body-fitting grids in the case when interfaces move. The method captures crispy sharp resolutions
at interfaces. Extensive numerical experiments are presented and show that the method is 2nd order accu-
rate in solution and Ist order accurate in its gradients in L° norm if the interface is C* and solutions are C*
on the closures of the subdomains. The method can handle the problems when the solutions and/or the
interfaces are weaker than C?. For example, u € H*(Q"), I' is Lipschitz continuous and their singularities
coincide, see Example 18 in Section 4. The accuracies of the method under various circumstances are listed
in Table 19.
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Appendix A. Proof of Lemma 3.1

There are three typical cases for U"(u").
Case 0. If K is a regular triangle, see Fig. A.1. U"(u") = T"/"), i.e.

Utat) = u(py) + L) g D 2B ), (A1)

Case 1. If K is an interface triangle, and the interface I" cutting through two legs of K, see Fig. A.2, then

u(Py) +uf (x —x;) +ul(y — ), (x,y) €K,
u' (uh) - - ' M(Pj%)fu(Pz) Ax ,,— - (Az)
u(Pr) +u, (x —x; — Ax) + (257 + o ) — ), (ny) €K7
Here u; = %;‘(PZ) + %yu;. Three interface conditions are enforced as follows:
dout +(Ax — dx)u, =r,
(Ax — & dy)u; +dwl =, (A.3)

—dyfrul H(dy+Sd)f U —dxfuy =1,

X

(z5,y; + Ay) = P3

(@i, y5) = P Py = (z; + Az, y;)

Fig. A.1. Case 0: the regular cell.

(zi,y; + Ay) = P3

(3,95 +dy) = Ps

Tk
K-
P
d/
Y K+
(zi,95) = P de \Pi = (zi +dz,y;) Py = (z; + Az, y;)

Fig. A.2. Case 1: the interface cutting through two legs of a triangle.
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where ry = u(P>) —u(Py) + a(P4) ry = u(Py) — u(Py) + BBl dy 4 g(ps), — By ’y“ (P2) dx+
b(Pg)+/dx? + dy?. Here 7 = \K* [c:Band p~ = L f _B are the averages of f§ in I(F and K regions (In

the numerical experiments, we take B* to be t /3 at the center of K, and ~ the B at the center of
K7). Let

dx (Ax — dx) 0 7 (Ax — dx) 0
A= 0 Ax—i—’;dy dy |, 4,=|n Ax—ﬁ—;‘dy dy |,
—dyp (dy+Rd0p —dept ro (dy+dnp —dept "
dx 71 0 dx (Ax — dx) r '
A, = 0 rno dy |, 43= 0 Ax—%dy  n
—dyp" oy —dxp” —dyp" (dy+id0)p
Clearly
=det(4,)/det(4), u, =det(4,)/det(4),
= det(43)/ det(4), u, = ui(&) — u(P) + gu* (A-3)

Ay Ay

Note that the matrix 4 consists of information of grid, interface and coefficients f, and is independent
from ", a or b. Also note that the determinants of matrices A;, A, and A5 are linear functions of ", a and b.
Hence they could be rewritten in the forms of

Py) —u(P P3) — u(P
ut = ot u(Py) — u(Py) + et u(Ps) —u(Pr) + ¢ 4a(Ps) + ¢} sa(Ps) + ¢} ¢b(Ps),

x  tx2 A)C x,3 Ay
Py) — u(P P3) —u(P
= ML) MPVZMP  alp) o+ csalPe) + e b(Po),
(A.6)
u(P,) — u(P P3) —u(P
it = cﬂ% i CL%}}M(I) + crga(Py) + ¢ sa(Ps) + cteb(Ps),
P>) —u(P P3) —u(P
u :C;Zu( z)Axu( ')+cyy3%yu(])+cy4a(1°4)+Cy,5a(P5)+Cy,65(P6)~

Lemma 6.1. All coefficients ¢ in (A.6) are finite and independent from u", a and b.

Proof. From above discussion, it is easy to see that all coefficients ¢ are independent from ", a and b.
Below we prove that cx*,3 is finite. The proofs for the other coefficients are similar.

= —(B" — B7)(Ax — dx)dx dy (A7)
x3 : :
Bt ((Ax —dx)dy? + 3 (Ay — dy)dx2> + B (Zﬁy dx? dy + dy? dx)

It could be thought as a function of dx and dy. It is smooth on [0,Ax]x[0,Ay] except one point
(dx,dy) = (0,0). It is easy to see that if dx =0 and dy #0, or dx # 0 and dy =0, ¢/; = 0. Now denote
k =dyldx € (0,+o0), and rewrite it as

3 ﬁ+((Ax_dx)k2+§_;(Ay_kdx))+ﬁ7(££ydxk+dx]€2>
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Let dx goes to zero,

+ _(ﬁ+ - ﬁi)k

d,\fﬂ}){l(,il:vl':kdx x3 ‘B+(k2 + 1) ’ (Ag)
hence the limit is bounded for any k € (0,+00),
, —B"+B
+ < |t 7
dxaz)l,gl*:kdx el < ‘ B ' (A.10)

Therefore | c;; | is bounded, for any (dx,dy) € [0,Ax] x [0,Ay].

Case 2. If K is an interface triangle, and the interface I' cutting through one leg and the hypotenuse of K,
see Fig. A.3, then

u(Py) +uf (x —x; — Ax) +uy (v —y),  (x,y) €K7,
U'(u") = B w(P3)—u(Py) B (A.11)
u(Pr) +uy (x —x;) + =257 (=), (x,y) €K

Three interface conditions are enforced as follows:

(=dx)uf  +(dx — Ax)u; =T,
—Adyut (8 dy— Avu, ) =, (A.12)
dyﬁ+uj —dypu; +(2—; dy — d\x)ﬁ*u;r =r;,

where 1y = u(Py) — u(Ps) + a(Py), 1y =u(Py) —u(P,) + —"(P3);y“(P‘) dy +a(Ps), and r3=p" 7“(})3);”(})')
(& dy— dx)+ b(P)y/dy? + (4 dy — dx)”

Let
—dx  (dvr— Ax) 0 ro (dr— Ax) 0
A= |-&dy @ dy-Ay) dy L A= | () dy—Ax) dy ,
dyp" —dyp~  (fdy—dx)p” rso —dyp (R dy—d)p”
_dx 0 “dx (dx—AY)
A= |-Sdv n dy , A= |—pdy (Hdv—Av) . (A.13)
dyp" oy (8 dy—do)p” dyp* -y~

(zi,y; + Ay) = P3

(@i, y5) = P Py = (z; + Az, y;)

Py = (z; + Az — dz,y;)

Fig. A.3. Case 2: the interface cutting through a leg and a hypotenuse of a triangle.
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Clearly

uF = det(d))/ det(4), u; = det(ds)/det(d), u} = det(ds)/ det(4), u; = ”(PQA—y”(Pl).
(A.14)

Same as in Case 1, the matrix 4 consists of information of grid, interface and coefficients /5, and is inde-
pendent from ", a or b. The determinants of matrices A;, 4, and Az are linear functions of W, a and b.
Hence they could be rewritten in the forms of

ul =d;, w +d; W +d} a(Py) 4 d} sa(Ps) + d} b(Ps),
o= ML) |y WP P ) )+ P,
it = L) | WOV i gty e R
u, =d, W +d, %yu(ﬂ) +d,,a(Py) +d sa(Ps) +d  ;b(Ps).

Lemma 6.2. All coefficients d in (A.15) are finite and independent from ", a and b.

Proof. The proof is the same as the proof of Lemma 6.1, and is omitted here.

From above discussion, we complete the proof of Lemma 6.1 and all coefficients ¢ and d are independent
from «”, a and b.
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